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Abstract. In this paper we consider the dynamics associated with an arbitrary semi- 
group of transcendental entire functions. Fatou- Julia theory is used to investigate the 
dynamics of these semigroups. Several results of the dynamics associated with iteration 
of a transcendental entire function have been extended to transcendental semigroup case. 
We also investigate the dynamics of conjugate semigroups and Abelian transcendental 
semigroups. 



1. Introduction 

A natural extension of complex dynamics is to investigate the dynamics of a sequence 
of different functions by means of composition which was first studied by Hinkkanen and 
Martin [5] related to semigroups of rational functions. In their paper, Hinkkanen and Mar- 
tin extended the classical theory of the dynamics associated to the iteration of a rational 
function of one complex variable to the more general setting of an arbitrary semigroup of 
rational functions. 

A transcendental semigroup G is a semigroup generated by a family of transcendental 
entire function J2, • • •} with the semigroup operation being functional composition. 
We denote the semigroup by G = [fi, f 2 , . . .]■ Thus each g 6 G is a transcendental entire 
function and G is closed under composition. For an introduction to iteration theory of 
entire functions see [5]. 

A family 5 of meromorphic functions is normal in a domain D C C if every sequence in $ 
has a subsequence which converges locally uniformly in D to a meromorphic function or to 
the constant oo. The set of normality or the Fatou set F(G) of a transcendental semigroup 
G, is the largest open subset of C on which the family of functions in G is normal. Thus 
z G F(G) if it has a neighborhood U on which the family {g : g G G} is normal. The Julia 
set J{G) of G is the complement of F(G), that is J(G) — C \ F(G). The semigroup gen- 
erated by a single function g is denoted by [g]. In this case we denote F([f]) by F(f) and 
</([/]) by J(f) which are the respective Fatou set and Julia set in the classical Fatou- Julia 
theory of iteration of a single transcendental entire function. The dynamics of a semigroup 
is more complicated than those of a single function. Some of the properties in the classical 
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dynamics do not get preserved in the semigroup case. For instance F(G) and J(G) need 
not be completely invariant and J(G) may not be the entire complex plane C even if J(G) 
has an interior point, see [9]. In this paper we have generalised some of the dynamics of a 
transcendental entire function on its Fatou set to the dynamics of semigroup of transcen- 
dental entire functions. Furthermore the dynamics of conjugate semigroups and Abelian 
transcendental semigroups have also been investigated. Some work in this direction have 
been done by Poon [15] and Zhigang [18] . 

2. Results from iteration theory 

Denote by ind^j the index of a curve 7 C C with respect to a point (. 

Theorem 2.1. Let f be a transcendental entire function and U be a multiply connected 
component of the Fatou set F(f) . Then 

(1) f n — > 00 locally uniformly on U 

(2) Suppose 7 is a Jordan curve that is not contractible in U. Then distance be- 
tween / n (7) and is large. Also indof n (j) > for all sufficiently large n and 
ind f n ('~f) 00 as n — >■ 00. 

Theorem 2.2. Let f be a transcendental entire function which is bounded on some curve 
T going to 00. Then all the components of F(f) are simply connected. 

Theorem 2.3. Let f be a transcendental entire function. Then every unbounded component 
U of F(f) is simply connected. 

Theorem 2.4. Let f be a transcendental entire function. If F(f) has an unbounded 
component U, then all components of F(f) are simply connected. 

Theorem 2.5. Iff is a transcendental entire function, then F(f) does not contain Herman 
rings. 

Theorem 2.6. For any transcendental entire function f, any doubly connected component 
of F(f) does not contain critical points of f. 

As an application of Picard's theorem and Theorem 12.41 one gets: 

Theorem 2.7. Let f be a transcendental entire function and U C F(f) be a completely 
invariant domain. Then 

(1) U is unbounded; 

(2) all components of F(f) are simply connected. 

For a proof of these results see Baker PQ,[2],[3], and Hua and Yang [TU]. In [12] using 
approximation theory of entire functions, the authors have shown the existence of entire 
functions / and g having infinite number of domains satisfying various properties and 
relating it to their composition. They explored and enlarged all the maximum possible 
ways of the solution in comparison to the past result worked out. It would be interesting 
to explore such relations for transcendental semigroup G and its constituent elements. 
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In analogy to the work in [5] on the classification of periodic components of F(G) for 
a rational semigroup G, we give the classification of the dynamics of a transcendental 
semigroup on an invariant component V of F(G). Let G be a transcendental semigroup 
and let U be a component of the Fatou set F(G) of G. Denote by U g the component of 
F(G) containing g(U). Define the stabilizer of U to be Gu = {g G G : U g = U}. If Gjj is 
non-empty we say U is a stable basin for G. Given a stable basin U for G, it is 

(1) attracting if U is a sub domain of an attracting basin of each g G Gy\ 

(2) superattracting if U is a subdomain of a superattracing basin of each g G Gjj] 

(3) parabolic if C7 is a subdomain of a parabolic basin of each g G Gu', 

(4) Siegel if U is a subdomain of a Siegel disk of each g G G[/; 

(5) Baker if U is a subdomain of a Baker domain of each g G Gf/. 

We note that in the classical case a stable basin is one of the above types. We give some 
more definitions. 

Definition 2.8. If G is a transcendental semigroup and U is a multiply connected component 
of F(G), define <3jj = {g G G : F(g)has a multiply connected component^ D U}. <3u 
need not be a subsemigroup of G and so we consider the subsemigroup generated by &u 
and throughout the text denote it by <&u itself. Then F(G) C F(<&u)', in general equality 
may not hold, and it is interesting to know if U can be a proper subset of a component of 
F{Gu). 

Definition 2.9. Let G be a transcendental semigroup. A set W is forward invariant under 
G if g(W) C for all g G G and W is backward invariant under G if = {w G 

C : <?(u>) G C for all g £ G. W is called completely invariant under G if it is both 
forward and backward invariant under G. It is easily seen for a transcendental semigroup 
G, F(G) is forward invariant and J(G) is backward invariant [To] . 

Definition 2.10. A component U of F(G) is called a wandering domain of G if the set 
{U g : g G G} is infinite (where as usual J7 g is the component of F(G) containing g(U)). 
Otherwise U is called a preperiodic component of F(G). 

We state a famous result of Baker [2] concerning multiply connected domains of normal- 
ity. 

Theorem 2.11. Let f be a transcendental entire function. Then a multiply connected 
component of F(f) is bounded and wandering, and hence a pre-periodic component of 
F(f) must be simply connected. 

This result has been generalised to the semigroup case by Zhigang [18] . 

Theorem 2.12. [18] Let G be a transcendental semigroup Then a multiply connected 
component of F(G) is bounded and wandering, and hence a pre-periodic component of 
F(G) must be simply connected. 
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3. Theorems and their proofs 

We now give partial generalisation of some of Baker's result from classical theory of 
dynamics associated with the iteration of a transcendental entire function to the semigroup 
of transcendental entire functions. For a multiply connected component U of F(G) recall 
definition 12.81 of the subsemigroup <8jj of G . 

Theorem 3.1. Let G be a transcendental semigroup and U a multiply connected component 
of F(G), then for all g E <5u 

(1) g n — > oo locally uniformly on U, 

(2) Suppose 7 is a Jordan curve that is not contractible in U. Then distance between 
g n {^) and is large. Also indQg n {^) > for all sufficiently large n and indog n (-y) — > 
oo as n —7- oo. 

Proof. (1) We have F(G) C F(g) for all g E G. For g E (5u, let U g be a multiply 
connected component of F(g) containing U. From Theorem 12.11 g n — > oo locally 
uniformly on U g , and hence on U. 
(2) This is also evident from Theorem 12.11 

□ 

We will need the following definition of boundedness of a semigroup on a set. 

Definition 3.2. A transcendental semigroup G = [fi, fi, . . .] is said to be bounded on a set 
A if all the generators in G are bounded on A. 

Theorem 3.3. Let G be a transcendental semigroup which is bounded on some curve T 
going to oo. Then all components of F(G) are simply connected. 

Proof. For all g G G, g(T) is bounded and so from Theorem 14.141 all components of F{g) 
are simply connected. If U is a multiply connected component of F(G) then for all g G 
<&u,F(g) has a multiply connected component U g D U which is a contradiction. □ 

Theorem 3.4. Let G be a transcendental semigroup. Then every unbounded component U 
of F(G) is simply connected. 

Proof. This is evident from Theorem 12.121 □ 

Theorem 3.5. LetG be a transcendental semigroup. If F(G) has an unbounded component 
U, then all components of F(G) are simply connected. 

Proof. As U C F(g) for all g G G, there exists for each g G G an unbounded component 
V of F(g) with U C U' . By Theorem 12.41 all components of F(g) are simply connected for 
all g G G. It is now evident if F(G) has a multiply connected component then we arrive 
at a contradiction. □ 

Theorem 3.6. If G is a transcendental semigroup, then F(G) does not contain Herman 
rings. 
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Proof. This is evident from Theorem 12.51 □ 

Recall that w G C is a critical value of a transcendental entire function / if there exists 
some wo € C with f(wo) = w and f'(wo) = 0. Here u>o is called a critical point of /. The 
image of a critical point of / is a critical value of /. We now give definition of critical point 
and critical value of a transcendental semigroup G. 

Definition 3.7. A point zq G C is called a critical point of G if it is a critical point of some 
g G G. A point w G C is called a critical value of G if it is a critical value of some g G G. 

Theorem 3.8. For any transcendental semigroup G, any doubly connected component of 
F(G) does not contain critical points of<3jj- 

Proof. Suppose U is a doubly connected component of F(G). Then U is contained in a 
doubly connected component U g of F(g) for g G <3jj. From Theorem 12.61 U g does not 
contain critical points of g and so does U. □ 

Let G be a transcendental semigroup. If U C -F(G) is a domain which is completely 
invariant under some go G G, then 

(1) U is unbounded; 

(2) all components of F(G) are simply connected. 

Proof. (1) £/ C F(G) C F(g ), U is completely invariant under g and so is unbounded 
by Theorem 12.71 

(2) There exists a component say V of F(G) which contains the unbounded domain 
U and so is itself unbounded. By Theorem 13.51 all components of F(G) are simply 
connected. 

□ 

4. Finitely generated transcendental semigroups 

In this section we consider finitely generated transcendental semigroups. A semigroup 
G — [gi , . . . , g n ] generated by finitely many functions is called finitely generated. Further- 
more if gi o gj = gj o g { for all 1 < i, j < n, then G is called finitely generated Abelian tran- 
scendental semigroup. Poon [15] investigated some properties of Abelian transcendental 
semigroups and wandering domains of transcendental semigroups. Recall the Eremenko- 
Lyubich class B = {/ : C — > C transcendental entire : Sing(/ _1 ) is bounded} (where 
Sing(/ _1 ) is the set of critical and asymptotic values of /). Each / G B is said to be of 
bounded type. A transcendental entire function / is of finite type if Sing f~ x is a finite 
set. Furthermore if the transcendental entire functions / and g are of bounded type then 
so is / o g as Sing ((/ o g)^ 1 ) C Sing J -1 U /(Sing^ -1 )), see [7]. Also if / and g are 
transcendental entire functions of bounded type with / o g — g o /, then F(f) = F(g), see 

Theorem 4.1. For a finitely generated Abelian transcendental semigroup G = [g%, . . . , g n ] 
in which each g i} i = 1, . . . , n is of finite type, F(G) = F(g) for all g G G. 
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Remark 4.2. The given result can be generalised to a finitely generated Abelian transcen- 
dental semigroup G in which each of the generators are of bounded type. 

Theorem 4.3. For a finitely generated Abelian transcendental semigroup G = [gi, ...,g n ] 
in which each g^, i — 1, . . . ,n is of bounded type, F(G) = F(g) for all g G G. 

Proof. Follows from Theorem 14.11 with finite type generators replaced by bounded type 
and with slight modifications. □ 

It is well known if / G B then all the components of F(f) is simply connected. This 
follows from Theorem 12.11 and the fact that if / is a transcendental entire function of class 
B, then the forward orbit of points in F(f) does not approach oo, see [8]. This result gets 
generalised to semigroup case. 

Theorem 4.4. Let G = [gi, . . . , g n ] be a finitely generated transcendental semigroup in 
which each generator is of bounded type. Then all components of F(G) are simply con- 
nected. 

Proof. If U C F(G) is a multiply connected component then for each g G <3u U C U g , 
where U g is a multiply connected component of F(g) which contradicts to g being of 
bounded type by above observation. □ 

For two permutable transcendental entire functions / and g with F(f) = F(g), if W is a 
domain of F(f), then will H^bea domain of F(g) of the same class? This was a problem 
posed by Baker which has an affirmative answer when / and g are of finite type. 

Theorem 4.5. [T7] Let f and g be transcendental entire functions of finite type and fog — 
go f. Then if W is a superattractive stable domain, an attractive stable domain, a parabolic 
stable domain or a Siegel disk of f, then W is also a superattractive stable domain, an 
attractive stable domain, a parabolic stable domain or a Siegel disk of g, respectively 

The given result can be generalised to a finitely generated Abelian transcendental semi- 
group G in which each of the generators are of finite type. 

Theorem 4.6. Let G = [gi, . . . , g n ] be an abelian transcedental semigroup in which each 
gi, i = l,...,n is of finite type. If U C F(G) is a superattractive stable domain, an 
attractive stable domain, a parabolic stable domain or a Siegel disk of G, then U is also a 
a superattractive stable domain, an attractive stable domain, a parabolic stable domain or 
a Siegel disk of g respectively for all g G G 

Proof. For g G Gjj this is clear by Theorem 14.51 and Theorem 14.11 Let g G G\ Gu- For 
/ G Gu, g o f = f o g. As U is a stable basin of F(f), by Theorem I4.5[ U is also a stable 
basin of F(g) of the same class and thus U is a stable basin of F(g) of the same class for 
each g G G. □ 

For a transcendental entire function /, if all stable domains are bounded then F(f) does 
not contain any asymptotic values of /, see [TO] . 
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Theorem 4.7. [10J // / is a transcendental entire function whose stable domains are 
bounded, then F(f) does not contain any asymptotic values of f. 

We now provide a condition under which F(G) of a transcendental semigroup G does 
not contain any asymptotic values of G. We first state a lemma. 

Lemma 4.8. [IT] Let f and g be two permutable transcendental entire entire functions. 
ThenF(fog)cF(f)nF(g). 

Theorem 4.9. Let G = [g±, . . . ,g n ] be a transcendental semigroup. If all stable domains 
of F(gi), 1 < i < n, are bounded, then F(G) does not contain any asymptotic values of G. 

Proof. Let Zq G F(G) be an asymptotic value of G, then z G F(g) for all g G G. By 
definition, z is an asymptotic value of some g G G. By hypothesis for all g G G, all stable 
domains of F(g) are bounded, we arrive at a contradiction by Theorem 14.71 □ 

We now study conjugate semigroups. Recall two entire functions / and g are conjugate 
if there exist a Mobius transformation : C — > C with <fi o / = g o 0. 

Definition 4.10. Two finitely generated semigroups G and G' are said to be conjugate 
under a Mobius transformation : C — > C if 

(1) they have same number of generators, 

(2) corresponding generators are conjugate under 0. 

If G = [<7i , . . . , g n ] we represent the conjugate semigroup G' by G' = [0 o g x o _1 . . . , o 
g n o 4>~ x ] where : C — > C is the conjugating map. 

If / and g are two rational functions which are conjugate under some Mobius transfor- 
mation : C — > C, then it is well known [1], <fi(F(f)) = F(g). We now show the dynamics 
of G and G' are similar for a finitely generated Abelian transcendental semigroup in which 
each generator is of finite type. We will use Theorem 14.11 

Theorem 4.11. Let G = [gi, . . . ,g n ] be a finitely generated Abelian transcendental semi- 
group in which each g,, 1 < % < n is of finite type and let G' = [<f> o g x o cf)^ 1 . . . , o g n o _1 ] 
where : C — > C is the conjugating map, be the conjugate semigroup. Then <p(F(G)) = 
F(G>). 

Proof. Follows from Theorem 14.11 and observation made in above paragraph. □ 

Remark 4.12. The conjugate semigroup G' in above theorem is also Abelian and of finite 
type. 

Remark 4.13. The given result can be generalised to a finitely generated Abelian transcen- 
dental semigroup G in which each of the generators are of bounded type. 

We now show a finitely generated Abelian transcendental semigroup G in which each of 
the generators are of finite type has neither wandering domains nor Baker domains. 
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Theorem 4.14. Suppose G = [gi,...,g n ] is a finitely generated Abelian transcendental 
semigroup in which each g i} l < i < n is of finite type. Then G has no wandering domains. 

Proof. This is evident from Theorem 14.11 □ 

Theorem 4.15. Suppose G = [gx, . . . ,g n ] is a finitely generated transcendental semigroup 
in which each gi,l < i < n is of bounded type. Then G has no Baker domain. 

Proof. Suppose U C F(G) is a Baker domain. From classification theorem in Section 121 for 
all g G Gu, U is a subdomain of a Baker domain contained in F(g) which is a contradiction 
as F(g) has no Baker domain for all g G G. □ 

Acknowledgement. We are thankful to Kaushal Verma, IISC Bangalore for his helpful 
comments and suggestions. 
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